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Review

In the previous class, we discussed methods based on factor
models.

They allow for the interaction between unit and period fixed
effects hence are more flexible.

They can be estimated by eigenvalue decomposition.

If there is only one treated unit, we can direct weight untreated
units to eliminate the influence of factors.

This synthetic control method is designed for case study and
does not have real confidence intervals.

Otherwise, it is better to estimate the factors and factor
loadings first, and use them to predict the counterfactual
outcomes.
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Carryover

» Everything becomes complicated if SUTVA is violated.

» Assume that the outcome is affected by the history of
treatment assignment: Y = Y; (D,-t,D}:(tfl) :

» This is essentially interference in the time dimension and
known as carryover in the literature.

» We still assume no anticipation or cross-unit interference.

> If treatment assignments over periods are dependent, then past
treatment status become confounders.

» We must control their influence under either strict exogeneity

or sequential ignorability.
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Carryover under staggered adoption

> Under staggered adoption, we should not be too concerned
about carryover.
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» P(Diy =1) =0 when t < Tg and P(Djz = 1) =1 when

t > Tp.
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Carryover under staggered adoption

> Under staggered adoption, we should not be too concerned
about carryover.

» Consider the classic DID case.

» P(Diy =1) =0 when t < Tg and P(Djz = 1) =1 when

t> Tp.
> For any t < Ty, D1 =1 is an all-zero vector; for any t > Ty,
D} (=1 4o not affect the probability of being treated.

1:(t—1
» D; (=) are not confounders.
» We can still estimate 7 o771 with

Tt :‘71.‘ Z (Yit - \A/it (01:1:)) .
5 (v (0 2) — o (0

ieT
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Carryover under staggered adoption

» We can show that the estimate converges to the cumulative
effect of the treatment assignment history:

1 t
7] 22ieT 2as=To+1 Tis:

Instant and Carryover Effect of D on Y

Time

Instant Effect from D, - Carryover Effect from Dy_» Carryover Effect from Dy_4
Carryover Effect from Dy_4 Carryover Effect from Dy_3
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Feedback under staggered adoption

We have feedback if past outcomes affect treatment
assignment.

» This is the case under sequential ignorability.

vV VvYyye.y

A more complex scenario is the combination of strict
exogeneity and sequential ignorability.

Under staggered adoption, feedback may not be a serious
problem.

Note that only Y}:TO can be confounders in DID.

Any Y for t > Ty is a mediator rather a confounder.

All we need to do is to balance Y}:TO across the two groups.
As suggested by the method of synthetic control, it accounts
for the influence of both the outcome history and unobservable
confounders.

aj can be learned from Y170 hence controlling for Y} 70
controls for a;.
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1 1: T 1: T
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ieT ieC
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Balance the outcome history

» Hazlett and Xu (2018) generalize the idea of synthetic control
to data with a structure of staggered adoption.
» We search for a group of weights {w;} such that:

|;| i (Y}:TO) =3 wif (Y}:TO) :
€T ieC
Z w; = 1, 4 Z 0.

ieC

» Next, we estimate the treatment effect on the treated in each

period
Tr = T Z Yit — Z w; Yie
’ ’ ieT ieC

» They show the consistency of this estimator when the potential
outcomes are linear in f (Y}:T‘J).

» Kim, Imai, and Wang (2019) argue that we can do the same

via matching.
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Application

» Let's revisit Hainmueller and Hangartner (2019).

Estimated ATT (FEct)

Effectof DonY
N
G N
N N
—_——
I A

-10 -5 0 5
Time since the Treatment Began
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Application

Effect of D on Y

Estimated ATT (FEct)

-10

-5

Time relative to Treatment

Ntr = 512
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Carryover under treatment reversal

» |n this case, our outcome model becomes

t—1
Yie =7itDie + Y 7isDis + fr (Xit) + he (U7) + €t

s=1

=7itDjt + v¢ (D}:(t_l)a Xit, Ui) + fe (Xie) + he (U;i) + €,

1:(t—1 _
where v; (D,- ( ),X,-t, U/) = E:i TisDis may not have a
low-dimensional decomposition.
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Carryover under treatment reversal

» |n this case, our outcome model becomes

t—1
Yie =7itDie + Y 7isDis + fr (Xit) + he (U7) + €t
s=1

=7 Die + vi (D}, Xit, U;) + £ (Xie) + he (U) + ez,

where v; (Dl( 2 , Xie, U ) s 17',SD,S may not have a
low-dimensional decomposition.

» Under carryover, each Yj:(0) could be affected by both
ve (D7, Xi, U;) and e (Uy).

» We cannot learn the unobservable confounders from untreated
observations.
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Carryover under treatment reversal

» Wang and Xu (2024) argue that there exists a trilemma for
methods under strict exogeneity:

Treatment
reversal

Carryover
effects
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Carryover under treatment reversal

» Everything works well under staggered adoption.

» If there is no carryover, we can still apply fect and other
methods.

> If treatment effects only vary over X;;, we can model them by
including interaction terms.

> |t is necessary to test for the existence of carryover before using
fixed effects models.

» Another solution is drop periods after treatment reversal.

» But it changes the estimand and leads to efficiency loss.
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Summary

» Always check your data structure first!

» Visualization is helpful.

» Think about the “target trial” or “ideal experiment” before
starting your analysis.

» Justify the structural restrictions with various methods or
models.

» Validate the identification assumptions via placebo tests or
sensitivity analysis.

» Do not seek for causality all the time.

» Be honest and transparent to yourself and your readers.
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