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Statistical inference

» For researchers, it is insufficient to know just an estimate.

» How confident are we that a new policy is effective and not
harmful?

» After providing cash transfers to 1,000 families, 57 kids from
these families perform worse at school.

> Is this a consequence of the policy or just randomness in the
DGP?

> All estimates come with uncertainties.

» Estimates without measures of uncertainties surrounding them
are not trustworthy.

> Ideally, we'd like to repeat the DGP (e.g., policy activation) for
many times and record the estimate from each round.

» The distribution of estimates tells us whether an outcome is
common or unlikely.

» This distribution is exactly the sampling distribution F;(x).
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Statistical inference

Nevertheless, the sampling distribution is usually unknown to
the researcher.

Remember that we only have one estimate from one collected
sample.

It is unrealistic to repeat the DGP.

Nevertheless, we can infer what the sampling distribution looks
like with one dataset.

» This process is known as statistical inference.

Inference will be more accurate when the sample size is larger.

> In practice, we often approximate the sampling distribution

with the hypothetical one where N is infinite.
This approach provides us with a convenient tool for statistical
inference and is known as asymptotic analysis.
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Variance estimation

One measure we can use to gauge the uncertainty of our
estimate is the estimator’s variance.

We do not know its value as it depends on the sampling
distribution.

Yet we can estimate it using an estimator, with the true
variance being an estimand.

For the sample average of an i.i.d. sample, Xy, we know that
its normalized variance is o.

An estimator for o is the sample variance,

N
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We will show that the sample variance is unbiased for the true
variance.
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Sample variance

» First note that

» Then, using the fact that E [X,?] = ,u2 + o2, we have

_IZ]E X2] fLE[(XN)Z}
N o 5
_ (/Kljl )_N(N—l);E[Xi] ZZE[XX]

11_]751

_N@?+0%) P+’ N(N-1)p?
S ON-1 N-—1 N(N —1)

5/23



Law of large numbers

> Is the sample variance a consistent estimator for the true
variance?

We first introduce the famous law of large numbers (LLN).
If (X1, Xo,...,Xn) are i.i.d. with Var[Xj] < oo, then
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Xy & E[X)].
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This result follows directly from Chebyshev's inequality.
Therefore, if Var [X,g] <E [X;‘] < 00,
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Then, iy SN, X2 = A LSV, X2 2 E [X?] using the
property of limits.
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Continuous mapping theorem

» Using the LLN, we know that Xy & E[Xi].
~ \2
» How about ( Xy ) 7

» Its convergence follows from the continuous mapping theorem
(CMT).
» For a sequence of statistics, {#y}, if 7y = 7, then

g(fn) = g (1)
for any continuous function g().
_ —\2
> Since Xy 2 E[X], (Xn)” & (E[X]).
> Therefore, s2 % B [X?] — (E[X])? = 02
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St. Petersburg's paradox
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What would happen if the condition for LLN, Var[X;] < oo, is
violated?

Consider the following game: you will flip a fair coin until the
first head appears.

You receive $2% if the first head appears on the k-th toss.
E.g., you get $23 = $8 if the result is { T, T, H}.

How much are you willing to pay to join the game?

Let's compute the expectation of your payoff X:

> 1
]E[X]:Z2k>k2—k:oo.
k=1

But are you willing to pay 1 million to play the game?
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St. Petersburg's paradox

What is the problem here?
You cannot play any game forever, and what matters is how
much you earn an average from playing it N times, i.e., Xy.
The return from the jth time of playing the game is X;, which
has the same distribution as X does.
Let's compute X's variance:

> 1
E [Xz} = 22(21‘)2 k — = 00.

k=1

Therefore, there is no guarantee that Xy 2 E[Xi] = cc.

» Using more advanced methods, we can show that Xy ~ log, N.

If you play 100 rounds, the total return is roughly
100 * log, 100 = 100 * 6.64 = 664.
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Stochastic order

vV v vvY

In practice, we often want to know how fast an estimator
converges to its limit when the sample size increases.

If my sample size enlarges by 10 times, how much does the
variance of 7 shrink?

We can measure that with stochastic order, which compares
the convergence rate of any 7 with that of a deterministic
sequence.

For a sequence {an}, we write ay = o(1) if limy_o ay = 0.

If limy_oo N ay = 0, we write ay = o (N*/\).
If ay is always bounded, we write ay = O(1).
If N*ay is always bounded, we write ay = O (N_/\).
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Stochastic order

> We say 7y = 0,(1) when 7y 2 0.
> If NAMy = 0,(1), then we say 7y = o, (N_)‘).
» 7y converges to zero faster than 1/N*.
» Eg., 52 =0,(1) and V/Ns? = 0,(1), thus s? = 0,(N~9).
» We say 7y = Op(1) if it is bounded in probability: there exists
M > 0 such that
P(|tn| > M) <e
for any € > 0 when N — oc.
> In practice, it means that 7)y converges to a fixed r.v.
> If N iy = Op(1), then we say 7y = Op (N 7).
> 7n converges to its limit is as fast as 1/N2.
» Eg.,s2=0,(N71) and Xy — pp= O, (N7°5).
> fiy—7=0, (N‘O'5), we say Ty is root-N consistent for .
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The asymptotic distribution

In many applications, we want to know more than the variance.

As mentioned at the beginning, we need the sampling
distribution to determine whether the estimate is driven by
pure randomness.

We usually do not know the sampling distribution under any
sample size N.

But we can learn the hypothetical distribution when N = oo,
which is known as the asymptotic distribution of 7.

We first define the concept of convergence in distribution
(weak convergence).

» We say 7y 4 T if F3,(x) = Fr(x) at any point x.

» For any x, {F3,(x)} can be seen as a sequence.

The asymptotic distribution F(-) is the collection of limits of
all the sequences.
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The asymptotic distribution

Density
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Central limit theorem

» How do we know the functional form of the asymptotic
distribution?

> If (X1, X2,...,Xn) are i.id. with = E[X;] and
02 = Var[Xi] < oo, then

VA (X — 1) S N (0,07).

» This result is known as the central limit theorem (CLT).

» Equivalently, Xy — p 4N (0,02/N).

» But we rescale the difference such that the asymptotic
distribution remains the same.

» No matter what the population distribution is, the sampling
distribution is approximately normal when N is large.
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Central limit theorem

» The result holds for one particular estimator, the sample
average.

» But most estimators in statistics can be written in the form of
a sample average.

» E.g., the e.c.d.f. at x is a sample average of 1{X; < x}.

» Any sample analogue is a sample average of g(O;):
v =5 L1 8(0)).

> All these estimators are asymptotically normal under regularity
conditions:

VN(#y —7) SN (0, NO‘%.N) .

> The CLT often holds even for non-i.i.d. data.
> But we may need additional constraints on higher-order
moments of X; or the covariance of any two observations.
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Central limit theorem

» From the CLT, we know that

tv=-2"T 4 Ar(0,1).

O'f-N

» Therefore, we can calculate the probability for ty to be inside
any set S using the c.d.f. of the standard normal distribution,

e.g.

P(j7y — 7| < ¢) =P (-C <ty < C)
p~

! Oty

() (0) ()

» In practice, we use &3, to approximate os,,.

16
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Central limit theorem

> In Gerber and Green (2000), they estimated the effect of
get-out-to-vote (GOTV) messages on turnout with 7 = 8.5%
and 64, = 2.6%.

» What is the probability that the deviation of the estimate from
the true effect is larger than 8%?

IP)(|7’=N—T| >8%) 21—P(|7ﬁ/\/—7'| §8%)

8%
=2-2¢ (2.6%) .

2 - 2*pnorm(0.08 / 0.026)

## [1] 0.002091493

» We can confidently claim that the probability for the true effect
to be non-positive is lower than 1%.
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Delta method

>

>

>

The CLT suggests that % Z,Nzl X? is asymptotically normal.

How about ()_(N>2 and s2?

The p.d.f. for g(X) is not just g(fx(x)) in most cases.

> Nevertheless, if g(-) is continuously differentiable and 7 is

asymptotically normal, then
VN (g (i) — g (7)) 4 N (0, N2, (g' (7)) .
Using the first-order approximation, we know that
VN (g (*w) — g (7)) = VNg'(7) (P — 7).

The previous result holds as g’(7) is just a constant.
This is known as the Delta method in statistics, and we can see

VIV ((%)” = 2) 4 N (0,40807)).
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Hoeffding's inequality (*)

>
>

The asymptotic analysis is always an approximation.

We approximate the sampling distribution with a normal
distribution and the true variance with its estimate.
Non-asymptotic analysis allows us to see the precision of this
approximation with a given sample size

Suppose X; € [a;, b;] for any i with E [X;] = u, then

1L 2N2¢2
Pll=S"X —ul>t] <2exp|——" .
("VZ 1= )‘ p( Z,-N-l(b,-—afF)

i=1
This is known as Hoeffding's inequality.
Let X; represent individual i's ideological score ranging from 1
to7 (aj=1and b =7).
How many observations do we need such that the probability
‘ﬁ SNLX - u’ > 1 is smaller than 0.057
We want to find N such that 2exp (—2N/36) < 0.05.
The condition is that N > 67.
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The finite-population perspective (*)

» So far, we have assumed that the data are i.i.d.

» Suppose we want to sample three individuals from the
classroom with 15 people and measure their height.

> To ensure randomness, we draw the sample using lottery with
three winning tickets.

» The probability for each person to be in the sample is 1/5.

» But the probability for any two people to be included is
32 (; 2
1514 5

» When the population is finite relative to the sample, data can
hardly be seen as i.i.d.

» A more realistic view: heights are fixed values in the
population, and randomness only comes from sampling.
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The finite-population perspective (*)
» We define the sampling indicator:
R = {1, P(R; =1)=1/5,
0, P(R; =0)=4/5.
> The sample average estimator can be written as
13 105

where p =1/5 and each X; is a fixed value.

» In this case, X is still unbiased for the population mean:

_ 1 15 1 15
E[X| = ﬁ;E[R,-]x,- = E;X" = T15.
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The finite-population perspective (*)
» For asymptotics, we consider a series of finite populations {X,}
with |X,| = n and n — co.
» The sample size N increases with n, and N =r.

» We can similarly show that E [)?N} = ,11 ," 1 Xi = 7, for any n
and N.

» Note that Var[R;] = r(1 — r) and Cov [R;, Rj] = rr* — r?,
where r* N__l,

» Therefore,

Var [)_(N] :nzlrzZ:Var[,"\’;]X,-2 . 2ZZCOV[R,,R]XX-

i=1 j#i
1—r <

:ner

i=1 i=1 j#i

n—1 Z

=1




The finite-population perspective (*)

» Even though the variance takes a different form, Xy is still
consistent for 7,.
» Asymptotic normality requires that

_ maxy<i<n(Xi — 74)?
lim

TS (X — )

> Another result from Hoeffding.

» The finite-population perspective is useful when the sample and
the population are similar in size.

> It has been increasingly popular for experimental analysis.

» E.g., we can compute the difference in average GDP per capita
between red and blue states.

» What does the variance tell us?

=0.
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